
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



THE COMPLETE QUADRILATERAL. 

By John Wentworth Clawson. 

Introduction. It is the purpose of this paper to discuss systematically 
the principal points and lines related to the complete quadrilateral, referring, 
as far as practicable, to the discoverers of theorems which are not new.* 
In part I more than thirty theorems are given of which (7) and (31) are 
probably new, the others having been collected from various sources; in 
part II sixteen new theorems are derived by an inversion ; in part III some 
properties of the cyclic quadrangle are collected, from which, in part IV, by 
a polar reciprocation, fourteen other new properties of the complete quadri- 
lateral are deduced. The methods of proof used are those of elementary 
pure geometry. 

Throughout the paper ABC will be taken to denote the angle through 
which the line AB, taken as a whole, must be rotated in order for it to 
coincide with BC, taken as a whole, the rotation taking place in the positive 
direction. With this understanding, two angles are regarded as equivalent 
if they differ only by multiples of x; so nir = 0. The symbol = is used 
throughout the paper in this sense. f 

As it is impossible to print figures to illustrate all the theorems of this 
paper, the reader is urged to draw his own figures wherever it is necessary. 

Part I. Points and lines related to the complete quadrilateral. 

1 . The focal point. The complete quadrilateral consists of four coplanar 
straight lines, li, h, h, U, intersecting in three pairs of opposite vertices, 
An, A23; Ais, A24; Au, Au- The lines k, h, U, determine a triangle. 
Let the center of the circle, Si, which circumscribes this triangle be Ci. 
Three other such triangles and circumscribed circles exist. 

* In 1828 the famous geometer Steiner proposed for solution (Gergonne's Annales, vol. 18, 
p. 302) a list of ten theorems relating to the complete quadrilateral. No other notable attempt 
to collect the properties of this interesting figure appears to have been made until 1901, when 
L6on Ripert published a paper (Compte Rendu de I'Association francaise pour I'Airancement des 
Sciences, vol. 30, part 2, p. 91), in which he derived a number of theorems, using the method of 
trilinear coordinates. Other theorems are scattered through the journals mentioned in the foot 
notes and elsewhere. Theorems in elementary geometry have appeared in so many places that 
it is impossible to hope that I have traced all the theorems given to their sources, or that I have 
not missed altogether some important properties of the quadrilateral. 

t R. A. Johnson pointed out in the American Mathematical Monthly, vol. 24 (1917), p. 101, 
that proofs in elementary geometry may be made to cover all possible figures if the above con- 
ventions are adopted. 
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(1) The four circumscribed circles are concurrent at a point.* This 
will be called the focal point of the quadrilateral, and will be denoted by F. 




Fig. 1. 



For, iiFis the intersection of (?i and S3 (Fig. 1), considering points on ffi, 
^24^^423 = AhAzaA^z; and, considering points on Q^jAiiFAn = AuAnA^; 
by addition of equals, A12FA23 = 7112^113^23; and therefore the circle 64 
also passes through F. Similarly it may be proved that the circle ^2 passes 
through the focal point. 

F has been called the Wallace point and the Miquel point of the quadri- 

* This theorem was first stated by " Scoticus " in 1804 in Leybourn's Mathematical Repository, 
vol. 1, part 1, p. 170. Mackay, in the Proceedings of the Edinburgh Mathematical Society, 
vol. 9 (1890), pp. 83-91, says that "Scoticus" is a pseudonym of Dr. William Wallace. It is the 
first of Steiner's theorems, 1. c; and was proved again by Miquel in Liouville's Journal de Mathe- 
matiques, vol. 3 (1838), pp. 485-487. The proof above is that of the Repository modified to 
suit Johnson's notation. 
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lateral. It seems wiser, however, to avoid the use of a proper name if a 
short descriptive name can be coined. 

(2) The four points where the tangent at A 12 to S3 cuts ^3, where the 
tangent at A 12 to 64 cuts h, where the tangent at A 34 to Si cutfe ti, where 
the tangent at A 34 to S2 cuts h, are concyclic with A 12 and A 34. This circle 
and two circles similarly obtained are concurrent at F* 

For, let the tangent at A 34 to Sj meet li at X. Then, 

A13XA34 + XA34A13 + A34A13X = 0; 

hence, since A34X is a tangent to Sj, A12XA34 + A34A24A23 + A34A13A12 = 0. 
Again, Ai2i^A34 + i^A34A24 + A34A24A12 + AnAnF = 0. But, consider- 
ing points on ^2, JPA34A24 = iPAi3Ai2; and, considering points on S4, 
A2iAiiF = A34Ai3i^; hence, A12JFA34 + jPAi3Ai2-|-A34A24Ai2+A34Ai3i^ = 0; 
and therefore Ai2i^A34 + A34A24A23 + A34A13A12 = 0. Comparing this 
with the second equation, we see that A12XA34 = Ai2i^A34 and hence that 
A 12, X, A 34, F are concyclic. Similarly the other facts may be proved. 

Draw the three diagonals, n' joining An to A23, n" joining A13 to A24, 
n'" joining A 12 to A34; let «', n" intersect at D12, this and two points simi- 
larly obtained forming the diagonal triangle DuDuDm. 

Let Fi', F2', Fi", F2", Fi"', F2'" be the focal points of the quadrilaterals 
n"n"'l2li, n"n"'liU, n'n"'lilz, n'n"'l2h, n'n"lil2, n'n"l3h respectively. Call 
the centers of the circles circumscribing hhn", hhn'", C23", C23'" respec- 
tively. Then C-Si2z'C^C2z" is a parallelogram, since C1C23" and C^Ciz" 
are both perpendicular to I2, and C1C23'" and Cidz" are both perpendicular 
to U. Again, since FA 23 and jPi'A23 are the common chords of circles Sj, 
S4 and <S2i", 623" respectively, the point of intersection of the diagonals of 
this parallelogram is equally distant from A 23, F and Fi . It is further 
easily proved that a circle can be drawn with this point as center, passing 
through A23, F, Fi and the middle points of A13A34 and A12A24. In future 
the notation (AB) will be used for the middle point of the line joining A to 
B. Hence 

(3) The circles determined by A23, (A12A24), (A13A34); by Au, (A12A13), 
(A34A24); and four other such sets of points pass respectively through 
Fi', F2', Fi", F2", Fi'", F2'" and all six circles pass through F. 

In exactly the same way it can be proved that 

(3a) The circle determined by D23, (A13A24) and (A12A34) passes through 
Fi and i^2't; and that two other such circles can be drawn. 

* This theorem is given as an unproved exercise in Casey's Analytic Geometry, second edition, 
1893, Ex. 81, page 535. The proof here given is new. 

t The theorem (3a) was set as Question 252 in Journal de Math6matiques 616mentaires et 
ap^ciales and solved by Rivard in the same Journal, vol. 5 (1881), p. 118. I have expanded this 
theorem into the group above. 
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If we anticipate the result of (8), that the middle points of the diagonals 
are coUinear, it is clear that the three circles of (3a) are three of the circles 
circumscribed to triangles of the quadrilateral whose six vertices are Du, 
Di3, Diz and the middle points of the three diagonals. Therefore 

(36) The circles F^'Fi'D^s, Fi"F<,"Du and Fi"'Fi"'Du are concurrent, 
and the circle DuDuDa passes through the same point. 

It may also be proved that 

(3c) The circles FF1A23, FFi'Au and F1F2D23 are concurrent; and 
that there are two other sets of three concurrent circles, one from the set 
(3a) and two from the set (3). 

2. The circumcentric circle. We shall prove the theorem: 

(4) The points Ci, d, d, d and F are concyclic* 

The circle, S, on which they lie will be called the circumcentric circle 
of the quadrilateral. 

For, FC3C1 = FAiiAn and FdCi = FAnAa, since a central angle is 
double an angle at the circumference subtended by the same arc. There- 
fore F, Cz, Ci and C4 are concyclic; similarly it can be shown that F, Ci, 
Ci and C3 are concyclic. 

(5) The lines C2A34, C3A24, C4A23 are concurrent at a point common to 
<2i and S.f 

Call this point Ei. Three other points are similarly found. 
For, let C2AH and C3A24 meet at Ei. Then 

JB1A24A34 + A24A34-E1 + AziEiAii = 0. 
But 

^1^24^34 = (W2) - IA14C3A24 = (7r/2) - A14VI12A24; 

and 

^24^34^1 = (x/2) - 1^3402^14 = (w/2) - A34A13A14. 

Adding and substituting in the first equation, we get 

AgiEiAii = A34A13A14 + A14A12A24 = A34A23A24. 
Hence Ei lies on the circle, <Si. 

* This is the second of Steiner's theorems, 1. c. It was restated by T. S. Da vies in Leybourn's 
Mathematical Repository, vol. 6 (1835), Question 555, and proved there by him. Probably Davies 
discovered this theorem independently of Steiner; that he had been studying the quadrilateral 
for some time is evidenced by his statement in connection with the solution of Question 524 in 
the same volume of the Repository and by J. S. Mackay's remark in the Proceedings of the 
Edinburgh Mathematical Society, 1. c, that Davies had proposed a question in 1821 in the Leeds 
Correspondent dealing with a property of this figure. After proving the theorem above, Davies 
proceeds with several other properties including a special case of (5). This circle is called the 
center circle by Gallatly in his Modern Geometry of the Triangle, London, N. D., page 5. It was 
called the eight point circle by Hermes after he found the four new points of (5) on it. The above 
is essentially Davies' proof. 

t This theorem was partially stated and proved by Davies, 1. c. The complete statement 
and proof, substantially equivalent to the above, is due to Hermes, Nouvelles Annales, vol. 18 
(1859), page 359. 
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Again CiCiCs = ^13^^12, since C^d and C3C4 are respectively per- 
pendicular to the common chords FAu and FAn; but, considering points 
on the circle S4, the latter equals A13A23A12 or A34A23A24. But A34A23A24 
was proved above to be equal to C2E1C3. Hence Ei lies on the circle S. 

It follows at once that 

(5a) Tangents at A34 to €2, at A23 to ^4, at A24 to S3, meet at a point 
diametrically opposite to Ei in <3if also that 

(5b) The pedal line of Ei with respect to the triangle Uhh is parallel 
to Zi.f 

(6) The perpendicular bisectors of A 13^.14 and A23A24 intersect at a 
point on the circumcentric circle.J 

This point will be denoted by ^34. There are six such points. 

For, CiTsid = A24A12A14, the sides being respectively perpendicular; 
the latter is equivalent to AnFAu, the four points lying on S3; 

424-^^14 = C1C3C2, 

since the Une of centers of the circles Sj, 63 is perpendicular to the common 
chord A2^F and C2C3 similarly perpendicular to AuF. Then 

CiTzid = C1C3C2, 

and the four points are concyclic. 

T'34 is evidently the point diametrically opposite to A12 in the fifth of 
the circles of (3). 

The six vertices of the quadrilateral taken in threes determine sixteen 
circles. Four of these are <5i, Q^, S3, 64. Denote by Cu, Cn", C34'", • • • 
the centers of the circles circumscribing the triangles hUn' , liUn", Uhn'", • • • . 

It is evident that Ci, C24'" and C34" are coUinear, since the three circles 
are coaxal. Again Cu, Cu, Gi\ and C34' are coUinear, for the same 
reason. It is easily seen then that the sixteen centers lie three by three on 
twelve lines, the perpendicular bisectors of pairs of vertices on the same 
I, and four by four on three lines, the perpendicular bisectors of the 
diagonals. 

Now A24A34C1 = (7r/2) — A34A23A24 = 412A34C23'". Therefore 

.4.24-^34-412 = C1A34C23 , 

on adding C1A34A12. And C\C2\"C2%" = ^24^34^12, since C1C24'", 
Gi^"Gi.z" are perpendicular respectively to Z4, n'" . Therefore 



Cri niri in HA C 
\\J2i O23 — <-^l-^34^i 



/'/. 



* Wetzig, Crelle's Journal, vol. 72 (1870), p. 351. 
t Gallatly, Modem Geometry of the Triangle, p. 27. 

t This theorem is given by Ripert, 1. c, who proves it analytically. I have furnished the 
above proof. 
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and Ci, C23'", C24'" and A 34 are concyclic. Similarly d, C\%" , Cu", ^34; 
C3, C14'", C24'", ^12; C4, C13'", C23'", A 12 are concyclic. 

Let the circles CiC24"'A34 and C2Ci3"'A34 intersect again at /'". Now 
Ci/"'A34 = CiC24"'^34 = A.AuA,,; and 

C2J A34 = C2C13 ^34 = A13A12A34. 

Therefore CiJ"'Ci. = ^23-412^13 = A24A12A14 = C1C3C2, by (6). Conse- 
quently /'" is on the circumcentric circle. Similarly we prove that 

(7) The four circles determined by the circumcenters of (a) the three 
triangles determined by A34, and two of the vertices on li, (b) the three 
triangles determined by A 34 and two of the vertices on h, (c) the three 
triangles determined by An and two of the vertices on h, (d) the three 
triangles determined by An and two of the vertices on U are concurrent 
at J'", a point on the circumcentric circle.* 

Two other points are associated with the other pairs of opposite vertices. 
Moreover, since Ci/"'A34 = CiC2i"A3i = AoAnAa; and 

CiJ F = CiCsF = AnAiiF; 

therefore A3iJ"'F = AiA^F. Hence 

(7o) The points A 34, An, F and J'" are concyclic; similarly A is, A 24, 
F, J" and A 14, A23, F, J' are concyclic* 

These are the circles of (2). 

3. The mid-diagonal line. We shall prove that 

(8) The middle points of the diagonals of the quadrilateral are coUinear 
on a line, m, which contains the centers of all conies touching the four sides 
of the quadrilateral.! 

This line will be called the mid-diagonal line of the quadrilateral; 
Ripert calls it the axis of mean distances; it is sometimes called the 
Newtonian. 

Let one of the inscribed conies touch li at Zi, h at Zi, Is at Z^. 
Then, applying Brianchon's theorem to the hexagons ZiA^^AnZiAuAsi, 
ZsAisAnZiAuAsi, we see that ZiZi, Z^Zx pass respectively through 7)23, 
Z)i3. Let the lines joining A 14, A 13 respectively to (Z^Z-^, {Z3Z1) meet at 
X. Then X is the center of the inscribed conic. 

Draw AuY, A^Y parallel respectively to ZiZi, Z^Z^ intersecting at Y. 

* Theorems (7) and (7a) are new. 

t This theorem is ascribed to Newton by Steiner, 1. c, and others; it is sometimes ascribed 
to Gauss, for example by Schlomilch, Berichte der Gesellschaft der Wissenshaften zu Leipzig, 
vol. 9, 1854, p. 4, and by Hall, Messenger of Mathematics, vol. 4, 1868, p. 137. In fact the theorem 
is an immediate consequence of lemma XXV, cor. 3, sect. V, vol. 1 of the Principia, 1684. The 
first part of it was probably first exphcitly stated by Connor in the Ladies' Diary for 1795. The 
proof above is due to Poncelet, Gergonne's Annales, vol. 12, p. 109. The mid-diagonal is thus 
the earliest known of the lines and points connected with the complete quadrilateral. 
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Then the pencils of rays with vertices at A u and A 13 respectively and passing 
through the points A^, Y, Zi, X are both harmonic. Hence A 34, Y, X 
are coUinear. 

Draw YT parallel to n'", cutting ^i at T. Now triangles TA^Y, 
AiiZiDis are similar, so that TAu-DuAn = TY-ZiA^; and triangles 
TAuY, A12Z1D23 are similar, so that TAu-D^sA 12 = TY-ZiAn- Hence 
TAn/TAu = DisAiilDisAu; and therefore 7^13/^13^1 14 = D23A12IDMD13. 
Hence T is a fixed point; and therefore, if we consider the various possible 
inscribed conies, the locus of F is a fixed line YT. 

Now the pencil having T as vertex formed by rays passing through 
A34, Y, Zi, X is harmonic; therefore the locus of X is the fixed line XT. 
Let Xr cut A 12A 34 in B3. Then the points A 34, 00 , A 12, ^3 form a harmonic 
range; that is ^3 bisects A 12A. 34. 

Similarly we can show that the line which is the locus of centers of the 
inscribed conies bisects A13A24 at B2 and A14A23 at Bi.* 

Let Ui be the center of gravity of the triangle UhU, U'l the center of 
gravity of equal masses placed at the three vertices that lie on the line h. 
Then 

(9) The line UiUi is concurrent with the three similar lines at their 
common mid-point U on the mid-diagonal line.f 

The point U is the center of gravity of equal masses placed at (a) the 
six vertices; (b) the four centroids Ui, U2, Us, Ua; (c) the four points 
U,', U2', Us', Ui'; (d) the three points Bi, B2, B^. 

Place equal masses, m, at the six vertices, (a) Combine masses at 
opposite vertices; this gives three masses, 2m, at Bi, B2, Bz whose center 
of gravity, U, is found by bisecting BiBz at C and locating CU equal to one 
third of CBi. (b) Replace three masses, m, at A34, A24, An by 3to at Ui, 
replace three masses, m, at A12, Au, A, 4 by 3m at U'. Then U bisects 
UiUi, and it is also the common mid-point of the three lines joining the 
mid-points of the opposite pairs of sides of the quadrangle UiU2UsUi. 

(10) The lines joining (A13A14) to (A23A24) and (A13A23) to (A14A24) 
intersect on m.| 

Similarly two other points on m are located. The theorem follows at 
once from the fact that the diagonals of a parallelogram bisect each other. 
4. The pedal line. 

* Simpler proofs that the middle points of the diagonals are coUinear may be found in Casey's 
Sequel to Euclid, 1886, p. 5, in C. V. Durell's Plane Geometry for Advanced Students, Part I, 
1909, pp. 118, 119, 188, and elsewhere. 

Some remarkable members of the family of conies touching the four sides of the quadrilateral 
are discussed by Ripert, 1. c. 

t This theorem is given by Bipert, 1. c; it is proved, as above, by Neuberg, Annales de la 
Socidt^ scientifique de Bruxelles, 1902, p. 13. 

t This theorem is given by Schlomilch, 1. c. 
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(11) The feet of the perpendiculars from the focal point to the four sides 
of the quadrilateral are coUinear.* 

The line on which these four points lie will be referred to as the pedal 
line of the quadrilateral and it will be denoted by p. 

Let Gi be the foot of the perpendicular from F to li. The theorem 
follows at once from the Simson, Wallace or pedal line theorem, f 

(12) At Gi the circles drawn on FA^, FA13, FAu as diameters concur.| 
Three circles similarly concur at G2, G3, Gi on the pedal line. 

li A, B, C, D are four concyclic points and Ha, Hb, He, Ha are the 
orthocenters of the triangles formed by omitting A, B, C, D respectively, 
it is easily seen that AHa, BHi, CHc, DHa bisect each other at a point N. 
So Ha, Hi, He, Hd is a group of four concyclic points on a circle whose 
radius is equal to that of the circle circumscribing ABCD.^ From the 
fact that the orthocenter of a triangle is the external center of similitude of 
the nine-point circle and the circumcircle of the triangle, and that the radii 
of these circles are in the ratio of 1 : 2, it follows that the nine-point circles 
of the four triangles ABC, ABD, ACD, BCD are concurrent at N. From 
the fact that the line joining a point on the circumcircle of a triangle to the 
orthocenter of the triangle is bisected by the pedal line of the first-named 
point, it follows that the pedal hnes oi D, A, B, C with respect to the tri- 
angles ABC, BCD, CD A, DAB respectively all pass through the point N.\\ 
Therefore, returning to the complete quadrilateral, we have 

(13) The nine-point circle of the triangle A23-A34A24 is cut by the nine- 
point circles of FAi^Asi, FA34A24, F-423A24 at the point on the pedal line 
where FHi cuts it, Hi being the orthocenter of the triangle A23AziAn. 

Three similar points exist. 

Let Fi be the point in (5i diametrically opposite to F. Draw F1G2', 
F1G3 perpendicular respectively to U, h; then G^'G^ is the pedal Une of 
Fi with respect to the triangle UUU. 

Now GiGiAiz = GJFAii = (7r/2) — ^''^23^34; and 

Gz'G^'A^z = Gi'FiA^z = (W2) - AuA^^F^. 

Therefore FA^zAzi + AztAizFi = (ir/2) = G/G^Aiz + G3G2A23. Hence the 
pedal line of Fi is perpendicular to the pedal line of the quadrilateral. 
Similarly the pedal lines of F2, Fi, Fi with respect to the triangles ^3^4^!, 
^4/1^2, lihh are perpendicular to the pedal line of the quadrilateral. 

* This theorem was given by Steiner, 1. c, and proved by Davies, 1. c. 
t Mackay, 1. c; Mathematical Repository, old series, vol. 2, 1800, p. 111. 

I Catalan, Th^or^mes et probUmes, sixth edition, 1865, p. 34. 

§ Mention, Nouvelles Annales, vol. 4 (1845), p. 654. Cf. («) and (/») in part III. 

II These facts are quoted by Alison, Proceedings of the Kdinburgh Mathematical Society, 
vol. 3 (1885), pp. 79-93; they are referred by him to the Ladies' and Gentlemen's Diary for 1864, 
p. 55, and to the Reprints from the Educational Times, vol. 1, Question 1431. 
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Now let HiF meet G^Gz at Xi, HiF^ meet G^'Gz' at X/. Let Fi be 
the middle point of CJIi. Then, since Xi bisects FHi, X/ bisects FJIi, 
Yi bisects C^Hi and since Ci is the center of the circle whose diameter is 
FFi, Yi is the center of the circle whose diameter is XiX/. But Fi is the 
center of the nine-point circle of the triangle hUU, and Xi, X/ are on this 
circle. Hence G^Gt and Gi'Gz intersect at a point on the nine-point circle 
of Ulzli. Thus the pedal lines of the extremities of any diameter of the 
circumcircle of a triangle intersect at right angles on the nine-point circle 
of the triangle.* Hence 

(14) The nine-point circle of the triangle AnAnAn is cut by the pedal 
line of Fi with respect to that triangle at a second point on the quadrilateral's 
pedal line.f 

Three similar points exist. 

The following generalization of the pedal line may be mentioned: 

(11a) If FGi, FGi, FGz, FGi are drawn making any constant angle 
with li, U, h, h, the points Gi, G2, Gz, (?4 are coUinear.| 

3. The orthocentric line. From the well-known fact that the pedal line 
of a point with respect to a triangle bisects the join of that point to the 
orthocenter of the triangle, § it follows that 

(15) The orthocenters of the four triangles formed by the sides of the 
quadrilateral in threes are collinear in a line parallel to the pedal line and 
twice as far from the focal point as is the pedal line.i 

This line will be called the orthocentric line; it will be denoted by 0. 

(16) Circles drawn on the three diagonals of the quadrilateral as diam- 
eters are coaxTal, their radical axis being the orthocentric line. If 

Let ^34^1 cut Z2 at A2, AnHi cut Iz at Az, AizHi cut Z4 at Ai. By similar 
triangles, AzJIi-HiAi = A^JIi-HiAz = AaHi-HiAi. But AaHi-HiAi 
is equal to the square of the tangent from Hi to the circle on A34A12 as 
diameter; and A2iHi-HiA3 is equal to the square of the tangent from Hi 
to the circle on A24A13 as diameter. These tangents may be imaginary. 
Then Hi is a point on the radical axes of the three circles in pairs. Similarly 
H2, Hz, Hi are on these three radical axes. But, by (15), it follows that the 
three radical axes coincide with the orthocentric line. 

As an immediate consequence we have the theorem 

* Casey, Sequel to Euclid, edition of 1886, Ex. 138, p. 164. Attributed to Graham in this, 
not in later, editions. 

t In (13) and (14) I have made an obvious extension of theorems in the geometry of the triangle 
to the geometry of the quadrilateral. 

t Poncelet, Propri6t6s Projectives, 1822, § 468. 

§ E. g., Casey, Sequel to Euclid, p. 36. 

II This theorem is given by Steiner, 1. c, and is proved by Davies, 1. c. 

1[ This has been called Bodenmiller's theorem, for example by Schlomilch, 1. c. It was 
stated without proof by Davies, 1. c, in 1835; it is not in Steiner's list of 1828. 
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(16a) The mid-diagonal line is perpendicular to the orthocentric and 
pedal lines.* 

Also 

(17) The parabola ir which touches the sides of the quadrilateral has 
F for its focus and the orthocentric line for its directrix.f 

For the circle circumscribing the triangle formed by any three of these 
tangents passes through the focus; and the directrix passes through the 
orthocenter of that triangle.J 

(17a) The pedal line and the family of lines of (11a) all touch the para- 
bola TT-t 

(176) The parabola v also touches the six lines joining {Au-A.^^ to 

(^23424); (A13A23) to (A14A24); ••••§ 

This is easily proved by the method of polar reciprocation, as in part 
IV below, since the harmonically conjugate lines of LiF with respect to the 
angle L3L1L4 and of LiF with respect to the angle L^LiLi are easily seen to 
concur at a point on the circumcircle, which is the reciprocal of the parabola. 

(17c) The ends of chords parallel to h from A 34 in S^, from Au in S^, 
from .^23 in (S4, are coUinear with F in a line which cuts t at the point of 
tangency of the parabola with Zi.|| 

Three other such lines exist. 

For, if the line from ^34 parallel to h, cuts (S^ at Ui, join FU2 and let 
it cut li at T. Now, considering points on (?2, ^^^2^34 = ^^13^34; and, 
considering that F, A^, Gi, Gs are concyclic, the latter is equal to FG1G3. 
Let the axis of ir be drawn perpendicular to G1G3 and let it cut li at S. 
Then TSF = FG1G3 = FUiAu- But, by alternate-interior angles, the 
latter is equal to FTS. Therefore, since TSF = FTS, T must be the point 
of contact of li with the parabola tt. 

Similarly FU3 and FUi cut Zi at this point. 

Draw AnLz, AuLi perpendicular to Zi; draw Lz'Mz, Li'M^ per- 
pendicular respectively to Z3, Z2. Let these lines intersect at Fi. 

Now A^iLz passes through H3, AziL^' through Hi. Let WVi, A34H2 
cut at Y; Li'Hi, AuHz at Z. Then the anharmonic ratio of the pencil 
whose vertex is Lz' and whose rays pass through Hz, Fi, H2, A 12 is equal 
to the anharmonic ratio ][ of its transversal (00 YHiLi); but this is equal 
to HiLi'lHiY, which is equal to AuLi'lAuLz. 

* This theorem is given by Steiner, 1. c. 

t This theorem is generally credited to Steiner, for example by S. Kantor, Sitzungsberichte 
der Akademie der Wissenschaften, Wien, vol. 76, part 2 (1878), p. 753. It is not however given 
in Steiner's note of 1828. 

t Salmon, Conic Sections, edition of 1879, pp. 207, 275. C. Smith, Geometrical Conies, 
edition of 1899, pp. 48, 70. 

§ This theorem is given by Ripert, 1. c, and proved by him analytically. 

II This theorem is new. 

t The anharmonic ratio of four points on a hne (ABCD) is the value of (AB-CD/AD-CB). 
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Again the anharmonic ratio of the pencil whose vertex is L^ and whose 
rays pass through Hz, Vi, H^, An is equal to the anharmonic ratio of its 
transversal (H3 00 ZAn); but this is equal to ZAu/AuHs, which is equal 
to AiJLii'lAuLz. 

Therefore the pencils have equal anharmonic ratios and H3, Vi, H^ are 
coUinear. 

Similarly, if A23L4' is perpendicular to ^i and L4M4' is perpendicular to 
li, this last line passes through Fi.* Vi is called the orthopole of li with 
respect to the triangle hhh- Hence 

(18) If perpendiculars are drawn from the vertices of one of the four 
triangles of the quadrilateral to the other side of the quadrilateral, and if 
then from the feet of these perpendiculars are drawn to the sides of the 
original triangle opposite the respective vertices, these three lines are con- 
current at a point on the orthocentric line. 

There are four such points. 

(19) The center of the circle, 2>, circumscribing the diagonal triangle 
D12D13D23 lies on the orthocentric Une.f 

For (A 131)12^241)23) is a harmonic range; therefore any circle through 
D23 and D12 is orthogonal to the circle on A 13^124 as diameter. Conse- 
quently the circle S) is orthogonal to the circles having A^Azi, AizAn, 
AuAiz respectively as diameters. Hence, the theorem follows from (16). 

Let A23H1 cut AuH2 in Hn and AnHs in Hu'; A23Hi cut A1JI2 in 
H2i and AuH^ in ^^34'. Let A2zHi cut li at S; let the orthocentric line 
cut Zi at Ti. Now, since lines joining corresponding points are perpendicular 
to li, the anharmonic ratios of (>ST'iAi3Ai2) and {H1T1H2H3) are equal; 
considering them as transversals across a pencil with vertex at An, we see 
that the anharmonic ratios of {H1T1H2H3) and (HiSHu'Hiz) are equal; 
but the latter is the same as (SHiHn'H 12). Hence 

(ST^A^zAn) = {SH^Hn'Hn'); 

and A 13^^13', A 12^^12' and the orthocentric line are concurrent. Thus it 
can be shown that 

(20) The hues AnH^, AuHi/, AuHu', AsiHsi are concurrent at a 
point Z', on the orthocentric line.J 

Two other points are similarly found. 

Let A23H1 cut h at Li'^ and A2zHi cut h at L4'. It is not hard to show 
that 

* According to Gallatly, this theorem is due to Neuberg. See his Modern Geometry of the 
Triangle, Chapter 6, where this and a number of other properties connected with the orthopole 
are worked out analytically. I have supplied the above proof and extended the theorem to the 
quadrilateral. 

t Mobius, Berichte der Gesellschaft der Wissenschaften zu Leipzig, vol. 9 (1854), p. 87. 

% This theorem is due to Terrier, Nouvelles Annales de Mathematiques, vol. 14 (1875), p. 
514. I have supplied the proof. 
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(20a) The lines Li'^L/ and Li"Lz' are concurrent at the point Z' of 
(20).* 

Similarly a pair of lines passes through Z" and a pair through Z'" . 
It is obvious that 

(21) The perpendiculars from (A^Au) to li and from (423^24) to ^i 
are concurrent at (HzHt).* 

There are six points of this kind on the orthocentric line. 

(22) If lines are drawn from each vertex of the quadrilateral isogonally 
conjugate, with respect to the angle at that vertex, to the line joining that 
vertex to the focal point of the quadrilateral, these six lines are all per- 
pendicular to the orthocentric line.f 

For, F, An, Gi, Gi are concycUc; hence, FG^Gi = FA^Azi. Draw 
^247" isogonally conjugate toj A^F with respect to A12A24A34. Then 
FGiGi = ^234247". But FG2 is perpendicular to I2; therefore ^24?' is 
perpendicular to p; that is, A^T is perpendicular to 0. 

(23) Perpendiculars from F to k, h cut (?i, €3 respectively in points 
collinear with A 24 in a line parallel to o.§ 

Five other such points exist. 

For, FGiGi = FAuAii = ^^12^24 = FWzAii, where W3 is the point 
where FGi cuts <?3, the first equation following from the fact that F, Gi, An, 
Gi are concycUc. Therefore W^A^i is parallel to -p; similarly TF1A24 is 
parallel to p. 

In the quadrilateral A13A14A24A23 denote the lengths of the sides in 
the order named by Si, S4, S2, S3. Let the perpendicular bisectors of Si 
and S2 meet at 7'34, and the perpendicular bisectors of S3 and S4 at Ti^. 
Compare (6) . Denote the distance of T^ from S3 by tn'"- 

Now 

^34^24^ + r34Al3^ - ^12^24^ - 712^13^ 



TuB-? — TivBo^ = 



S,2 + g^2 _ s^2 _ s2 i^n^ + l^^'^ _ i^^iv2 _ i^^ 



ml- 



O 
^3451^ - TliSl^ = 



8 ' 2 

Also 

-t 34A23 "T 134^14 — 2 12A23 — -/ I2A14 



S2^ + Sl^ - S3^ - S4^ hi'" + <34'' - tu'"' - tu"" 



* Terrier, 1. c. 

t Lachlan, Modern Pure Geometry, 1893, ex. 4, p. 68. 

t Two lines are isogonally conjugate with respect to an angle, if they pass through its vertex 
and make equal but oppositely directed angles with the sides of the angle. 

§ This is an extension of a theorem in Richardson and Ramsay, Modem Pure Geometry, 
1893, ex. 15, p. 53. 
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Hence 734^1' - ^12^12 = Tz^Bi" - Ti^B-,^. Therefore 712^34 is per- 
pendicular to BiBi. Hence 

(24) The chords TuTu, TuT-n, T^T^z are all parallel to the orthocentric 
line.* 

Now T'34 is diametrically opposite to An in the circle determined by 
(^isAu), (A23A24), A12. But this circle goes through F, by (3). Hence 
FTii is perpendicular to FAn- Hence 

(24a) If A 12'" is the point diametrically opposite to An in the circle 
(S3, F, Tu, A 12'", A 12'^ are colliiiear.* 

Five other sets of coUinear points exist, all six lines being concurrent at F. 

If !r34' is the point in the circumcentric circle diametrically opposite 
to Tsi, then TziFTz^' = Tz^FAn = ir/2. Hence 

(246) The line A^F cuts the circumcentric circle at a point diametrically 
opposite to 734.* 

The following theorem is added, without proof: 

(24c) The points F, A34", A24'", Aiz^" are concyclic; and the center of 
this circle is diametrically opposite to Ci on the circumcentric circle.* 

There are three other such points. 

The following interesting but isolated theorem may be added here with- 
out proof: 

(25) The perpendicular bisectors of CJIi, C2H2, C3H3 and CMi are 
concurrent.! 

6. The bisectors of the angles. Let the bisector of the angle through 
which li must be rotated in the positive direction in order for it to coincide 
with I2 be denoted by ^12. Let In and Z23 intersect at Kn'; In and I32 at 
K12'; hi and Z23 at K21; In and I32 at ^22'- ^13 and Z24 at Kn"; lis and Z42 
atKn"; Z31 and Z24 at i^2i"; Z31 and Z42 at X22"; Z12 and Z34 at Xu'"; Z 12 and 
Z43 at K12'"; Z21 and Z34 at K21"; hi and Z43 at K22'". Let the incenter of 
Z2Z3Z4 be /i) the excenters opposite An, A24, A23 respectively /12, /13, lu- 
All these points are shown in Fig. 2. 

(26) The lines 

V 'V "V III V IV IIV III V IV IIV III V IV IIV III 
-'l-ll-'i-ll J^22 , ■ft-llJIV22 -ft-u , /i.22 -iVii iVii , JV22 Jy^ -14-22 

are the sides of a complete quadrilateral, <2j, and 

V IV IIV "I V IV II V III V IV IIV III V IV II V III 
-«»- 12 -11-12 -'1-12 , -11-12 -A.21 iV21 , iV21 -/V12 -A.21 , .11-21.1^21 -11-12 

are the sides of a complete quadrilateral, <224 

* This is given and proved analytically by Ripert, 1. c. 

t Lachlan, Modern Pure Geometry, 1893, Ex. 4, p. 92. Lachlan credits this theorem to 
Hervey, Educational Times Reprint, vol. 54. Another proof is given by Licnard in Mathesis, 
vol. 1 (1911), pp. 89-91. 

% Mention, Nouvelles Annales, vol. 1 (1862), p. 76. 
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For the lines joining corresponding vertices of the triangles IiJizIn, 
liJzili concur at /i; hence, by Desargues' Theorem, the intersections of 
corresponding sides, i. e., K^' , Ka", Kn'", are coUinear. Similarly for 
the other sets of points. 



K'r 




■~--=*U 



Fig. 2. 
Now /i, 721, ^34, li are concyclic. For 

AiiAiiAsi — A 24.4 12^14 



/4/34/1 — 



and 



liliili — 



A12A13A34- A14A34A13 



but A12A24A34 + A14A34A13 = A24A 12^14 + A12A13A34. 

The diagonal triangle of the inscribed quadrangle IJJuhi is 
K22Kii"K22". Now the orthocenter of the diagonal triangle of an in- 
scribed quadrangle is at the center of the circle.* But Kii'Kii'Ki^" is 
one of the triangles of <2i. In this way it is proved that 

(27) The sixteen centers of the circles inscribed and escribed to the 
four triangles of the quadrilateral are four by four concyclic, giving rise 
to eight new circles. These eight circles divide themselves into two groups, 

* Steiner, Crelle's Journal, vol. 30. Kantor, 1. c. For N'N"N"' is a self -conjugate triangle 
with respect to the circle. 
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such that the centers of four circles of one group are coUinear (on Si the 
orthocentric line of the quadrilateral <2i) and those of the other group are 
also colUnear (on S2 the orthocentric Une of the quadrilateral <22).* 

The circles are 7i, In, la, It, center Fi; 1 12, It, 1 3, lis, center Y2; 
I\z, 1 23, 1 32, Ii2, center Ys] lu. In, 1 31, In, center ¥4. In the other group, 
■''14, I23, 1 3, li, center Zi; lu, l2i, I34, Its, center Z2; In, I21, 1 31, Ii2, center 
Z3; Ii, I2, 1 32, lii, center Z4. 

Now 

Fi/1/4 + IJuZi = (7r/2) - /4/21I1 + W2 - /14/23/4 



= IT 



723/21-434 — A34/23/21 — ir/2. 



Therefore Y1I4Z1 = •7r/2. Hence *i is orthogonal to ^1. Hence 

(27a) The circles of the first group, y, are respectively orthogonal to 
those of the second group, s; hence the lines Si, Si are perpendicular.! 

These lines will be called the incentric lines of the quadrilateral. 

Now K22 is the pole of Kii"K22"' with respect to ^1; therefore, since 
Kii, Kii", K22" are coUinear, K22 and Kn are conjugate points with 
respect to ^1. Hence the circle on K22'Kii as diameter is orthogonal to j/i. 
Similarly circles on Ku"K22" and Kii"K22"' as diameters are orthogonal 
to yi, and these three circles are also orthogonal to ^2, yz, yt- In this way 
we find that 

(276) Three new circles may be added to each of the systems, y and z, 
of mutually orthogonal circles.| 

These circles are KnAnA23K2i, center Y'; K12", A13, A24, K21", center 
Y"; Kn'", An, A34, K21", center Y'". In the other group, K^x' , An, 
A23, K22', center Z' ; Kn", ^13, ^24, K22", center Z"; Kn"', ^12, A34, K22", 
center Z'". 

It follows that 

(28) The orthocentric hne of the quadrilateral <2i is the mid-diagonal 
Une of <22, and vice versa.f 

Now Kn' is the orthocenter of the triangle Kn'K2i'K22'. The nine- 
point circle of this triangle passes through An and A 23- It has the Une 
joining {Kn'K2i') to iKn'K22') as diameter. But these are points, Y', Z' , 
on Si, S2 respectively, which are perpendicular Unes. Hence 

(29) The intersection of Si and S2 is on the nine-point circle of 

KnK2\K22 -^ 

CaU this intersection F' . Then, considering points on the nine-point 

* With the exception of the words in parentheses, this theorem is given by Steiner, 1. c. The 
words in parentheses were added by Mention, 1. c, who first proved the theorem. The above 
proof follows Mention closely, with a changed notation. 

t Mention, 1. c. 

X Sancery, Nouvelles Annales, vol. 14 (1875), p. 145. 



THE COMPLETE QUADBILATERAL. 247 

circle of K11K21K22', we have AuF'A23 = AuZ'A23; but, since Z' is the 
center of the circle AuKnA23, the latter is equal to 2AiiK22'A2s or 

2(K22Al4A2i + ^14^24423 + A24A23K22') Or ^12^14^24 + A24A23A34 + 
2A14A24A23 or A13A12A23 + ^14^34^13. 

But, F being the focal point of the quadrilateral, 

AuFA23 = A13A12A23 + Ai4^34Ai3.* 

For, A1ZFA2Z = A13A12A23 and AuFAu = Ai4A34^i3. 

Hence F' hes on the circle AuA2sF; similarly on A13A24F and on 
AiiAsiF. Since these three circles cannot be coaxal, f they have only the 
point F in common, so F' coincides with F. Hence 

(30) The incentric lines intersect at the focal point of the quadrilateral.l 
The interesting fact seems not to have been noticed that 

(31) The incentric lines bisect the angles AuFAis, AuFA24, A12JPA34. 
For, if Kn'K2i' cuts Kii'K22 at W, then Ah, Y', A23, F, W and Z' are 

all points on the nine-point circle of K11K21K22. Then 

A14FF' = A14TFF' = AuWK2^'. 

Also Y'FA23 = Y'WA2z = ^21^^23. But A^JV and A23TF are equally 
incUned to the altitude K21W. Therefore AuFY' = Y'FAiz- 

Part II. Relations derived by an inversion. 

7. Inversion of a quadrilateral. It is well known that a complete quadri- 
lateral, <2, inverts with respect to its focal point as center of inversion into, 
the four circumcircles of a second quadrilateral. § This new quadrilateral, 
<2', is inversely similar to the original one,|| the axis of similitude being one 
of the incentric lines; and points and lines connected with the new figure 
invert into points and lines connected in different ways with the original 
one. The incentric lines of the old are evidently also the incentric lines 
of the new quadrilateral. If we denote by <S/, the circle into which l, 
inverts, and by 1/ the hne into which Sy inverts, since the foot of the per- 
pendicular from F on W inverts into the point diametrically opposite to F 
on (Bi, clearly F and the four points diametrically opposite to F on the four 
circles <2i, Si, 63, $4 are concyclic on a circle, the diametral circle, which 
touches the circumcentric circle of <2 at i^ and has twice the radius. Hence, 
0', the orthocentric line of <2', being twice as far from F as p', by (15), 

* Davies, Mathematical Eepository, vol. 6 (1835), Question 524. 

t This is easily seen by inversion with F as center; compare part II. 

t This beautiful theorem is the last of Steiner's list; the proof is that of Mention, modified to 
fit Johnson's notation. 

§ McClelland, Geometry of the Circle, 1891, Ex. 12, p. 256; also Coolidge, Treatise on the 
Circle and Sphere, 1916, p. 87. 

II Clawson, American Mathematical Monthly, vol. 24 (1917), p. 71. 
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inverts into the circumcentric circle of <2. Thus points on o' invert into 
points on <B, and points on & invert into points on o. Throughout this 
part P' means the point inverse to P. 

The following lemma will be needed : 

{A) If the straight line AB be bisected at M, the inverse of M is the 
intersection of the circle OA'B' with a circle of ApoUonius of the triangle 
OA'B' (the locus of a point P moving so that A'PjPB' = A'OjOB'). The 
perpendicular bisector oi AB mverts into the circle of ApoUonius named 
above. 

I shall call M' the Apollonian point of A' and B' with respect to the 
point 0. 

8. More lines through the focal point. The following theorems are ob- 
tained by inversion from those indicated by the notation at the end of the 
theorems : 

(32) A circle through F touching li at A^ cuts the circle <2i at F and 
at a point on the diagonal n'". There are twelve such circles determining 
four points on each diagonal (2) . 

(33) The Apollonian points of pairs of opposite vertices with respect to 
F determine a circle which passes through F (8) . 

(34) If a circle through F and A 12 touching Si cuts U at X2'; a circle 
through F and A 13 touching fii cuts U at X3'; a circle through F and An 
touching Sj cuts I4, at X4'; then X2', X3', X4' are coUinear with i^ in a line 
which cuts <2i at the point of tangency of <2i with a cardioide touching the 
four circumcircles, having F for its pole and with the diameter of the circum- 
centric circle produced its own length for its axis. There are three other 
such lines (17c). 

(35) The point in which the diameter of <2i through F cuts h and the 
point in which the diameter of Sj through F cuts li are concyclic with F 
and A 13 on a circle touching the circumcentric circle at F. Five other such 
circles exist (23). 

9. More points on the circumcentric circle. 

(36) Circles through F, A 34 orthogonal to 12^, through F, An orthogonal 
to <2i, through F, An orthogonal to <22 are concurrent at a point on the 
circumcentric circle. There are three other such points (15). 

(37) If the circle through F, A 12 orthogonal to <Bi cuts <Bi in X2', the 
circle through F, A 13 orthogonal to <2i cuts Si in X3' and the circle through 
F, A 14 orthogonal to @i cuts Q^ in X4', then the circles through F, X2' ortho- 
gonal to Sj, through F, X3' orthogonal to <23 and through F, X4' orthogonal to 
Si are concurrent at a point on the circumcentric circle. There are three 
other such points (18). 

(38) The three circles through An, A23 orthogonal to the circle FA14A23, 
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through Ais, A24 orthogonal to the circle FAisAn and through An, A34 
orthogonal to the circle FAuAu have two points in conunon which are both 
on the circumcentric circle (16). 

(38a) The circle of (33) is orthogonal to the three circles of (38) and 
also to the circumcentric circle and to the diametral circle (16a). 

(39) If circles through An, F orthogonal to <2i and through A23, F 
orthogonal to €2 intersect at a^'; if circles through Au, F orthogonal to Sj 
and through A23, F orthogonal to Sg intersect at aiz'; if circles through 
A 14, F orthogonal to (S4 and through A23, F orthogonal to Sj intersect at 
an'; and if circles through Au, F orthogonal to 64 and through A 23, F 
orthogonal to ^s intersect at a34'; then the circles Fai2Au, Faiz'A^, 
Fa2/A2i, Fas/Asi are concurrent at a point fi on the circumcentric circle. 
There are three other such points (20) . 

(39a) If the circle through An, F orthogonal to <2i cuts Si a^ Xi'^, the 
circle through Ah, F orthogonal to S4 cuts Si at X4', the circle through A23, F 
orthogonal to S2 cuts ($2 at X2'" and the circle through A23, F orthogonal 
to 63 cuts Sj at X3", then the circles FW^W and FX2"'X3" are also con- 
current at fi (20a). 

(40) Circles through F and the Apollonian point of A 14 and A24 
orthogonal to <Bi and through F and the Apollonian point of A 13 and A23 
orthogonal to S3 are concurrent at a point on the circumcentric circle. 
There are five other such points (21). 

10. More points on the orthocentric line. 

(41) If oi, 02, 03, 04 denote the points of intersection of with per- 
pendiculars from F to the sides ^1, h, I3, U respectively, the circles of Apol- 
lonius through F of the three triangles i^Ai2Ai3, i^Ai2Ai4 and FA13A14 
intersect at oi (4). 

(42) If €1, €2, €3, €4 denote the points of intersection of with li, I2, I3, h, 
the circles F02A12, F03A13 and i^04Ai4 intersect at ei (5). 

(42a) Circles through F, A 12 tangent to I2, through i^, A13 tangent to 
I3 and through F, An tangent to h meet at a point ei' on li, and 

eiFti' = ir/2 (5a). 

(43) The circles of ApoUonius through F of triangles FA13A14 and 
i^A23A24 intersect at a point T34 on o. There are five other such points (6). 

(44) The line FT34 is perpendicular to FAsi (24a). 

11. The incentric lines. Two circles, passing through A 34 and F, bisect 
the angles between Si and Sj. Call the one whose center, C12, is so placed 
that FC 12 bisects C1FC2, S12; call the one whose center, C21, is so placed 
that FC21 bisects C2FC1, Sji. Now S^^, S23, Si2; 634, S32, 624,- S^^, S23, <224; 
S43, <232, Si2 are concurrent respectively meeting at ii, ti2, ti3, ti4- In this 
way sixteen points are obtained. 
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(45) These points are concyclic in fours in such a way as to give two 
sets of four coaxal circles each. These sets are mutually orthogonal and 
their lines of centers are the incentric lines (27) and (27a) . 

(46) The points A 14, A23, the intersection of Su, €23 and the intersection 
of <2iu S32; Ai3, A24, the intersection of Su, S24, and the intersection of 
<23i, S42; A 12, A 34, the intersection of (S^, 634, and the intersection of 
<52i, ^ii determine three other circles belonging to one of these sets; also 
An, A23, the intersection of Sh, 532, and the intersection of S^, Sjs; and 
two other such sets of points determine three circles belonging to the other 
set (276). 

Again, if S^, 623 intersect at k', 

Al4/C'A23 = Auk'F + Fk'A^^ = ^AuC.^F + hFCuA23; 
but 

iAi4C23F = (W2) - C23FA14 = (7r/2) - (C23FC3 + CzFAu) 

= - ^CFC, + AuA^iF, 
on considering points on the circles ^23, ^z', and 

IFC14A23 = (W2) - A23FC14 = (W2) - (A23FC1 + C1FC14) 

= - ^C,FC, + FA^^Au, 
on considering points on the circles <Sn, S^; hence 

Auk'A^S = A14A24A23 + KC3C1C2 + C4C2C1) 

= A14A24A23 + ^(AnFAsi + A13FA34) 

= A14A24A23 + ^(^24^23^34 + ^13^14^34) =413^12^23+^14434413. 

But it was shown, in part I, § 6, that AUK22A23 is equal to this same 
expression. Hence k' lies in the same circle with 4 14, 1^22' and 423) hence 

(47) The circles of (46) are identical with those of (276) ; and hence the 
circles of (45) are coaxal with the circles of (27) . 

12. Summary. There have now been enumerated sixteen straight lines 
passing through the focal point: four in (17a), six in (24a), four in (35) and 
the two incentric lines. 

There are one hundred and thirty-four circles of more or less interest 
passing through the focal point: four circumcircles, one circumcentric 
circle, one diametral circle, three circles in (2), six in (3), six in (12), four 
in (24c), twelve in (32), one in (33), twelve in (34), six in (35), twelve in 
(36), twelve in (37), twelve in (39), six in (39a), twelve in (40), twelve in 
(41), and twelve in (42). 

On the circumcentric circle forty-seven points have been mentioned: 
four circumcenters, one focal point, four points in (5), six in (6), three in 
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(7), six in (24&), four in (24c), four in (36), four in (37), two in (38), three in 
(39), and six in (40). 

On the orthocentric line are thirty-eight points : four orthocenters, two 
points in (16), four in (18), one in (19), three in (20), six in (21), four in 
(41), four in (42), four in (42a), and six in (43). 

On the mid-diagonal line there are seven points: three mid-diagonals, 
three in (10), one mean center, besides an indefinitely great number of 
centers of conies touching the sides of the quadrilateral. 

On the pedal line there are twelve points: four in (11), four in (13), 
four in (14). 

On each of the circles determined by F and a pair of opposite vertices 
there are eight points: four in (2), one in (7), the focal point, and a pair 
of vertices. 

Part III. Properties of a cyclic quadrangle. 

13. The mean center and the orthic center. It will be shown in part IV 
that the polar reciprocal of the complete quadrilateral with respect to a 
circle having F as center is a cyclic quadrangle, that is, a group of four points 
on a circle. From the properties of the cyclic quadrangle, L1L2L3L4, 
properties of the quadrilateral can be obtained by reciprocation. It there- 
fore becomes desirable to collect in this part certain theorems concerning 
points and lines connected with the cyclic quadrangle. 

(a) In any quadrangle the joins Of the mid-points of the three pairs of 
opposite sides are concurrent.* The point of concurrency, E, is the center 
of gravity of four equal masses placed at the vertices (Fig. 3). 

The point E is called the mean center of the quadrangle. 

(iS) The join of each vertex to the center of gravity of the triangle 
determined by the other three vertices passes through E.] The join of the 
intersection of the diagonals L1L3, Z/2-L4 to the center of gravity of the 
quadrangle also passes through E-X 

For, equal masses m at each vertex may be replaced by 2m at (L1L2) and 
2m at (LaLi) and these in turn by 4m at the bisector of the join of these 
points. Again the four equal masses may be replaced by 3m at Gi, the 
center of gravity of the triangle L^LaLi, and m at Li; and E must lie on 
GiLi so that GiE is one third of ELi. Finally m/3 each at L2, L3, L4 may 
be replaced by m at (?i; hence the four masses may be replaced by equal 
masses at Gi, G2, G3, Gi. But G, the center of gravity of the quadrangle, is 
at the intersection of GiGz and G2G4,. Since the quadrangles J^ and § 
are homothetic with E as center, the intersection of the diagonals N" and 
the point G are coUinear with E. 

* Catalan, TMoremes et Probl^mes, fourth edition, 1865, p. 8. 

t Greiner, Archiv fur Mathematik und Physik, vol. 60 (1877), p. 178. 

j Deteuf, Nouvelles Annales, vol. 8 (1908), p. 442. 
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(7) In a cyclic quadrangle perpendiculars from the mid-points of each 
side to the opposite sides are concurrent.* 

We shall call this point the orthic center of the quadrangle, and denote 
it by H. 

Denote (L1L2) by F^. Let perpendiculars from F12, Fzi to L3L4, L^L^ 
respectively meet at H. Then F12H is parallel to F^O, if is the center 
of the circle, and F^O is parallel to FzJI. Hence 0, E, H are collinear, 
and E bisects OH. Thus 

(5) The circumcenter, the mean center, and the orthic center are col- 
linear, and OE = EH.] 




IF:,, 



Fig. 3. 



* Greiner, 1. c; Kantor, 1. c, quotes Pfaff as authority for this and some other theorems in 
connection with this point. Nager in Monatshefte fUr Mathematik und Physik, Wien, vol. 7 
(1896), p. 325, refers it to Euler. 

t Terrier, 1. c. Also Greiner and Kantor. 
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Denote the orthocenter of the triangle L^LzLi by Hi. Now 

UHi = 20Fzi = LJI2* 

Hence LiHi and LiH^ bisect each other at a point on a parallel to L^Hi 
through F12, i. e., at H. Hence 

(e) The four lines joining each vertex to the orthocenter of the triangle 
determined by the other three vertices are concurrent at H.% 

Again, the line joining Li to Hi is bisected by the pedal line of Li with 
respect to the triangle L^LiLi.] Hence 

(f) The pedal line of each vertex with respect to the triangle determined 
by the other three vertices passes through H.X 

Further, if the image of in L1L2 is O12, since FnFn is bisected at E, 
we have 

(jj) The line O12O34 is bisected at H.'^ There are three such lines. 

Let LiLz and L2L4 intersect at N". Consider the triangle N"Fi3F'n. 
Two of its altitudes intersect at H. Hence on considering the third altitude, 
we have 

(0) The perpendicular from the intersection of two opposite sides of 
the quadrangle to the line joining the mid-points of those sides passes 
through H.\\ There are three such Unes. 

Let the orthocenter of LiUN" be Hn". Now Hi^'H^^' and Hu"Hu" 
are each perpendicular to LiL^; also H 12" Hu" and Hzz'Hza" are each 
perpendicular to L2L4. Hence Hn"Hz4." and Hi^'Hiz' bisect each other 
at a point on a line through {Hn"Hzi") perpendicular to L2L4 and on a line 
through {Hii'Hu") perpendicular to L1L3. But these are the lines of (7). 
Hence 

(t) Six lines joining orthocenters of pairs of triangles formed by taking 
an intersection of two opposite sides of the quadrangle with two pairs of 
vertices pass through H.\\ 

However, 

(ta) There are only three distinct lines. 1| 

For, for example, Hu", Hu", H^"', Hu"' are colhnear on the ortho- 
centric line of the complete quadrilateral LiLz, L^L^, N"N"'. 

(k) The radical axes of the three pairs of circles on pairs of opposite 
sides as diameters pass through H.\ 

For, HF12 = OFzi = R cos LzL^Li, if R is the radius of the circumcircle, 

* Richardson and Ramsay, Modern Plane Geometry, p. 27. 
t Casey, Sequel to Euclid, fourth edition, 1886, p. 36. 
t Serret, Nouvelles Annales, vol. 7 (1848), p. 214. 
§ Terrier, 1. c. 
II Deteuf, 1. c. 
If Kantor, 1. c. 
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and HFzi = OF12 = R cos L1L3L2. Hence 

HFu^ - FiiW = i2'(cos2 L3L2L4 - sin^ L1L3L2) ; 

and HFzi' - FziLz^ = R^(cos^ L1L3L2 - sin^ UULi). But the right-hand 
sides of these equatibns are equal; hence HFn^ — HFsi^ = LiF^^ — LzF^^. 

Moreover, N'U • N'L, = N'Lv N'U ■,H^2"U- H^^'Pi' =n^^'U-H^^'P^; 
and H^i"U-H3i"P^"' = H3^"L,-H3i"P2''', where P/' is the foot of the 
perpendicular from Lj on L1L3. Hence N', Hu", Ha" lie on the radical 
axis of the circles with L2I/3 and L1L4 as diameters. 

{ko) The lines of (k) and (t) are identical.* 

Evidently, from (e), the quadrangle HiHiH^Hi is congruent with 
L1L2L3L4. It follows that 

(X) The join of the intersections of L1L2, HzHi; L3L4, HiHi is bisected 
at H; similarly the joins of intersections of L1L3, HiHi] L2L4,, H1H3 and 
the joins of intersections of L1L4, H2H3; L2L3, H1H4, are bisected at H.* 

Kantor also proved that 

(fj.) All these intersections are colUnear on the radical axis of the original 
circle and the circle circumscribing HiHiH3Hi.* 

This makes twenty-five straight lines meeting at H.\ 

Facts not so important for our present purpose are that the nine-point 
circles of the four triangles L2L3Li,X ■ • •; and of the four triangles H^HzHi, § 
• • • pass through H. The circle N'N"N"' also goes through H* Many 
other theorems related to this figure are given in the papers referred to in 
the foot notes, especially by Kantor.* 

14. The quadrilateral touching the circle at L1L2L3L4. It follows at once 
from Pascal's theorem, considering the hexagon L1L1L3L2L2L4, that the 
intersection of tangents at Li and L2 is colUnear with N' and N". Similarly 
(fcnsidering L3L3L2L4L4L1, the intersection of tangents at L3 and L4 is 
colUnear with N' and N". Thus it appears that 

(v) The diagonal point triangle of the quadrangle L1L2L3L4 is the same 
as the diagonal triangle of the quadrilateral formed by the tangents to the 
circle at these points. || 

15. Bisectors of the angles. Denote the in-center and the three ex- 
centers of the triangleL2L3L4 by /i. In, In, lu- Denote the mid-points of 
the arcs L1L2 by D^, D^, — Dn being on the bisector of L1L3L2 (Fig. 4). 

Now D12 is the center of a circle passing through Li, I3, It, L2, Izi, I a. 

* Kantor, Sitzungsberichte der Akademie, Wien, 1878, pp. 774-792; 1879, pp. 172-192; 
757-763. 

t Deteuf, 1. c, mentions twenty-four such lines; he says twenty-seven, but see {m). Cikot^ 
Nieuw Archief voor Wiskunde, Amsterdam, vol. 6 (1905), p. 63, mentions eighteen of them. 

X Greiner, 1. c. 

§ Cikot, 1. c. 

II Catalan, Theoremes et Problemes, 1865, pp. 83, 95. 
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Hence IzIJzJ^s is a rectangle. Its sides lali, IzJ^z are perpendicular to 
the bisector of LzDiiL^; that is, to DuDu. In fact the sides of the rectangle 




-^Aj 



'^'42 



Fig. 4. 



IzIJzJu are parallel to DuD^^ and DnDst. But D12D34 is parallel to the 
bisector of UN"L^; for, if N"X bisects UWh^, 
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and, if D12D34 cuts L1L3 at Y, 

LsYDii = L^DiiDzi + L1L3D12 = \LiLiLi + ^LiLzL^- 

Similarly I2I3I23I32, Iihluhi, IiIJiJn, are rectangles whose sides 
are parallel to the same lines. Thus 

(o) The centers of the sixteen in- and ex-circles are the intersections of 
four lines parallel to the bisector of the acute angle between the diagonals 
of the quadrangle and of four lines parallel to the bisector of the supple- 
mentary angle.* 

Let L1/3 and L2/4 meet at Ri^; let LJu and L2/43 meet at *Si2. Now 

L^RnLi = LiLiDii -j- D31L2L1 = ^{LiLiL^ + LzL^Li)', 
and 

LsRuLi = Di^LsLi -f- LiLiDiz = ^{L'iLzLi -\- L^LiLi). 

But the right-hand sides are equal ; hence 

(tt) The points R12, Ra, Rsh Rn are concyclic. Similarly, »Si2, S23, 
/S34, Su are concyclicf 

Now evidently DuDizDiiDzi is a rectangle, for its diagonals are equal 
and bisect each other. But Di3<Si2i)42 = DiiRziDn = |(L2LiL4 + L3L2L1); 
and 

Hence the triangles D^SuDiz and D^RziDiz are congruent; and S^Rzt 
is perpendicular to DnDa- But Ri^SnLi = RnL^Li = JL3L2L1; and 
DizDuLi = IL3L2L1. Hence R12S12 is parallel, to DizD^. Hence Sn, Rzt, 
R12 are collinear in a line parallel to DuDu- In fact 

(p) The lines DizD2i, SuRziRuSzi, Di2Dzi are parallel; and D2iDzi, 
S23R23RiiSii, DizDi2 are parallel lines perpendicular to the first set.* 

It is easily seen that D13D24, is parallel to D12D34; hence 

(<t) The sets of parallel lines in (o) are parallel to those in (p). 

If B12 bisects S12R12, B12L2 = B12L1. But OL2 = OLi. Hence OB12 
is perpendicular to L2L1. Let the center of the circle circumscribing 
^12^23^34^41 be Or, aud the center of the circle circumscribing Si2S2zSz4Sii 
be Os. Then 

S23S12OS = (^12) — Sl2S4lS2Z = i'!r/2) — S12D42D1Z 

= (7r/2) — IL1L4L3 = IL1L2L3; 



* This proof is given by Neuberg, Mathesis, vol. 6 (1906), p. 14. He refers to earlier state- 
ments of the theorem. For different proofs see American Mathematical Monthly, vol. 24 (1917), 
p. 429 and vol. 25 (1918), p. 241. 

t Nager, 1. c. 
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but S12L2L1 = 7r/2 — IL1L2L3. Hence SuOs is perpendicular to L2L1. 

Similarly RnOr is perpendicular to L2L1. Since similarly S2zOs, R^zOr and 

B23O are perpendicular to L2L3, it follows that 

(r) The points Or, Os, are colUnear; and bisects OrO,.* 
Evidently by considering L1L3L2L4 as the inscribed quadrangle, we can 

find points R32', Rn, Ra' , R\z', S32, S41, 82/, Su'; and by considering 

L1L2L4L3 as the inscribed quadrangle we can find points R12", Ru", R24:", 

Riz"', S12", Siz", Si2i", Siz" for which similar statements can be made. 
It follows from (0) and the consideration of the quadrangles of (t) that 
(v) The bisectors of the angles N' and N'" are respectively parallel to 

those of N".t 

Thus we have two sets of sixteen parallel Unes each, six chords like 

DuDzi, four Unes determined by in- and ex-centers, three hues Uke 

SuRziRuSzi, and the three bisectors of the angles formed by opposite sides 

of the quadrangle. 

Part IV. A polar reciprocation. 

16. Take any point, F, on the circumference of a circle, center 0, 
passing through Li, L2, L3, L4. Draw any circle with F as center. The 
polar reciprocal of the first circle with respect to the second is the parabola, 
focus F, which touches h, h, h, h, the polars of Li, L2, Lz, Li. Thus, by 
(17), we see that the cyclic quadrangle reciprocates into a complete quadri- 
lateral, F being the quadrilateral's focal point. 0, the center of the circle, 
evidently has for its reciprocal the orthocentric line, 0, of the quadrilateral, 
the directrix of the parabola. 

As noted in part III, properties of the cyclic quadrangle give rise to 
properties of the complete quadrilateral. The converse statement is true, 
but it is not our purpose further to develop that fact. We shall use the 
following lenunas : 

(B) (L1L2) has for its reciprocal the straight line which forms a harmonic 
pencil with li, U and the Une joining the intersection of li and U with F. 
This Une will be called the harmonic conjugate of A uF. 

(Ba) (L1L2) has for its reciprocal the symmedian Unet through Au of 
the triangle formed by h, U and any line perpendicular to the Une joining 
the feet of the perpendiculars from F on h, U. 

If the triangle LJL2LZ is reciprocated, a triangle hUh results, whose 
vertices are An, A23, A 13. This triangle is concycUc with F. Let the 
bisectors of the arcs A12A13 be U2Z, Uz2, • • • U23 lying on the bisector of 
A12A2ZA13. Let FU2Z cut A12A13 in F23. Considering the Pascal hexagons 
A2ZUZ2FU12A12A13 and A2ZU32FU13A13A12, it follows that 

* Nager, 1. c. 

t This theorem is new. 

t A symmedian line is a line i^ogonally conjugate to a median. 
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(C) The points F32, Vu, Vu and J4 are collinear, where It is the incenter 
of the triangle lihh* 

It is easily seen that there are four of these "inial lines" belonging to 
the triangle hhh, one passing through the in- and one through each of the 
ex-centers of that triangle. Vu, Vu, F32 are the reciprocals of the bisectors 
of LiLiLz, L2L3L1, L3L1L2 respectively; and the inial lines of I1I2I3 are the 
reciprocals of the in- and ex-centers of the triangle L1L2L3. 

The following theorems are obtained by reciprocation from those indi- 
cated by the notation at the end of the theorems. 

(48) The harmonically conjugate lines of AuF, A34F with respect to 
li, U and I3, h respectively intersect at a point which is colUnear with the 
two similarly located points in a Une e (a). 

Otherwise, using (Ba), 

(48a) The symmedian hnes through An, A 34 in the triangles lihm, 
Izhm, where m is the mid-diagonal hne, intersect at a point which is collinear 
with the two similarly located points in a Une e (a). 

(49) The intersection of I2 with the harmonically conjugate line of A34F 
with respect to I3, U, the intersection of ^3 with the harmonically conjugate 
Une of A2iF with respect to h, U and the intersection of h with the har- 
monically conjugate Une of A23F with respect to h, h are colUnear on a 
Une Qi, which intersects li at a point on e. Three other such points on e 
are similarly found 0) . 

(50) The intersection of the Une through F perpendicular to FA 12 
with the line through A 34 harmonically conjugate to FA 34 and the five 
other such intersections are collinear on a Une, h (7). 

(51) The Unes h and e intersect at a point on (5). 

(52) If h cuts h at H', H' also lies on the line hi determined by the inter- 
section of li with a perpendicular from F to FA23, the intersection of h 
with a perpendicular from F to FA 34 and the intersection of U with a per- 
pendicular from F to FA 24. There are three other such points (e). 

(53) If a Une through F perpendicular to FA 12 cuts U at M3, a Une 
through F perpendicular to FA 23 cuts h at Mi, and a Une through F per- 
pendicular to FA 13 cuts h at M2, then A12M3, A23-M'i, A13M2 are concurrent 
at a point on h. There are three other such points (f)- 

(54) If a line from F perpendicular to FA 12 cuts o at Mu and a Une 012 
is drawn so that 0, Afi2Ai2, ou, MuF form a harmonic pencil, and 034, ou, 
• • • are similarly obtained, then oj2, 034; ou, 024; ou, 023 intersect at three 
points onh (rj). 

(55) The perpendicular from F to the line joining F to the intersection 

* For a generalization of this theorem, see Clawson, American Mathematical Monthly, vol. 
26 (1919), p. 59. 
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of the harmonically conjugate Unes through An and A 34 cuts n" at a point 
on h. There are two other such points (d). 

(56) If the intersection of the perpendicular from F to FA23 with li 
and the intersection of the perpendicular from F to FAu with h are joined, 
this Une meets three other lines similarly drawn at a point on h. There 
are two other such points (i). 

(57) The line joining the intersection of hi and hi in (52) to J. 34, the 
line joining the intersection of hz and h^ to A 12 and four other such lines 
all concur at a point on h (n) . 

(58) The diagonal point triangle of the quadrangle determined by the 
points of contact of the parabola tt with the four sides of the quadrilateral 
is the same as the diagonal triangle of the quadrilateral (p). 

(59) The sixteen inial lines (C) intersect by fours in four points which 
lie on a line through F; they also intersect by fours in four other points 
which lie on a line through F perpendicular to the first one. Call these 
lines s' and s" (0) . 

(60) The Une, 634, joining the point where the bisector of ^23^^-424 cuts 
I2 with the point where the bisector of AuFAu cuts Zi, and the Une, 621, 
joining the point where the bisector of ^23^^! 13 cuts Z3 with the point where 
the bisector of AiiFAu cuts U intersect in a point on s'. There are six 
such points on s' and six on s" (p). 

(61) The line joining the point where the bisector of AuFA^z cuts h 
and the point where the bisector of AuFAu cuts h, the line joining the 
point where the bisector of AztFAis cuts h and the point where the bisector 
oi AuFAzi cuts U and two lines determined in the same way by the bisectors 
of the oppositely directed angles are concurrent at a point on s'. There are 
three such points on s' and three on s" (<r) . 

(62) The points where the bisectors of ^112^^34 and AaiFA^ cut -A12A34 
are on s' and s" respectively (u). 

Hence, from (31), it follows that 

(63) The lines s' and s" are identical with Si and S2, the incentric lines. 
Thus to the four points on each of the incentric lines mentioned by 

Steiner have been added three by Mention and Sancery (276), four in this 

paper in (45), four in (59), six in (60), three in (61) and three in (62), 

making twenty-seven points in all on each incentric line, besides the focal 

point which is conamon to both. 

Ursinus College, 

CoLLBGEViLLE, Pa., January 1, 1918. 

Note.* The Editors of the Annals have just called to my attention a 
book. Premiers Elements d'une Th^orie du Quadrilat^re Complet, by A. 

* This book was received for review by the Annals after the article of Mr. Clawson was in 
type, and a year and a third after it was submitted to the Annals for pubUcation. — ^Ed. 
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Oppermann (Gauthier-Villars, 1919), which had just been received. Its 
author shows the same purpose exhibited in Ripert's paper and in mine — 
to assemble the important properties of the quadrilateral; like the present 
writer and unlike Ripert, M. Oppermann confines himself to the methods 
of pure geometry; but he covers a wider field than the writer in a less 
thorough way. There is some new material in the book, which covers 
sixty-two pages and is followed by a bibliographic supplement of ten 
pages more. 

Most notable of the results not given jn my paper are the last two 
theorems, XIX and XX. These theorems follow naturally after (16a) 
in part I above. 

Oppermann proves that : 

(166) The circles of Monge* of the conies inscribed to the quadrilateral 
are coaxal with the circles having the diagonals as diameters (XX). f 

He also proves that : 

(16c) If three circles are drawn having for centers the intersections 
of the diagonals of the quadrilateral, and having for centers of similitude 
the six vertices of the quadrilateral (and this can be done in an infinite 
number of ways) , the circle having for its center the radical center of the 
three circles and cutting them orthogonally, is coaxal with the four 
conjugate circlesf of the quadrilateral (XIX). 

The circles of (166) and (16c) form two orthogonal systems of coaxal 
circles! — "faisceaux conjugees de cercles" (V). 

Oppermann's theorem III is given by Ripert; but the proof is new: 

(10a) Each of the triangles formed by three sides of the quadrilateral 
is crossed by the fourth side as a transversal. If on each side of the tri- 
angle a point is taken equally distant from the middle point of that side 
with the point where the transversal crosses that side, these three points 
lie on a second transversal of the triangle which is parallel to the mid- 
diagonal line. There are four such parallel lines (III). 

The author gives my theorem (18) as an unpubhshed discovery of 
Goormaghtigh. 

Besides this material, Oppermann gives in a different order about 
half of the theorems of part I of my paper, for the most part the classical 
theorems of Steiner's list and a few of Ripert's. Two of Ripert's theorems 



* The circle of Monge of a coftic is the locus of the intersection of perpendicular tangents to 
the conic. Kantor (see below) calls it the Rechtkreis. It is often called the director circle. 

t This theorem will be found in Kantor, 1. c, vol. 76 (1878), p. 774; also in Salmon, Conic 
Sections, Sixth Edition, 1879, p. 277. 

t The conjugate (or polar) circle of a triangle is the circle with respect to which the triangle 
is self -conjugate (or self -polar). Its center is the orthocenter of the triangle, and it is real only 
for obtuse-angled triangles. 

§ Kantor, 1. c. 
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which he gives are related to theorem (9), but are not given above. Opper- 
mann's proof of (30) is especially interesting and is somewhat shorter 
than that of Mention. The author does not always refer his theorems 
to their original sources, but his bibliographic supplement is reasonably 
complete, at least with respect to the French journals. 

The book also contains an interesting classification of complete quadri- 
laterals, a test for similarity of quadrilaterals, a few properties of special 
types of quadrilaterals (a subject which has a fairly extensive literature 
of its own), and some other topics of minor interest. 

The reader who wishes to pursue this subject further should not neglect 
Oppermann's book, nor the articles of Ripert, Terrier and Sancery cited 
above. Each of these papers extends the subject in its own special 
direction. 

May 31, 1919. 



